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3.1 General Consideration



M . .
o Basis of mechanics

® Three major factors

A\ 4

A\ 4

Displacement

LI: Rigid-body motion
Deformation

Force Material

® Material and Continuum, Deformation of material
O Solid

<Grain> <Grain and boundary> <Continuum>

® Rigid-body : No change in distance between particles occurs under external force.
® Elastic deformation: Deformation due to external force disappearing when it removes.

® Plastic deformation: Deformation due to external force remaining when it removes.

O Fluid including gas



MM Some details of the 3 major factors

& )
® Force
Internal Action and reaction force
Force Traction Exerted load, Reaction force
External ) )
Body force |  Gravity, Magnetic force

® Displacement or motion

— Rigid-body motion

_— Deformation

® Material: Set of particles continuously distributed :> Continuum

O Solid

® Rigid-body: No relationship between force and displacement is needed.

® Elastically deformable body: Linear elastic(Hooke’s law) and Non-elastic,

Isotropic(Common material) and Anisotropic (Composite material)

® Plastic body: Yield criterion, Isotropic hardening, Kinematic hardening

O Fluid including gas




% Classification of solid mechanics (SM)

Displacement Rigid-body t Statics
Rigid-body
General SM dynamics
— Elasticity
— | Deformation Narrow SM Plasticity
—| Flexible Frasiie
dynamics mechanics
—| Vibration
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3.2 Newton’s Law of Motion

and Statics



M
& ]

Newton’s law of motion

Newton’s law |

ond Sum of all the forces exerting on a particle ( f)is
equal to the acceleration ( a ) multiplied by the mass

+ZR” =

aw | (m),ie., f=ma s 2(F+2R)=0->>F' +> >R =0
1 ) i i i i
I, =1,2,---,oo o
3rd Action and reaction law: Two internal forces exerting J [X Z_OJ AT y-5=0
| between two particles have the same magnitude and o R _ _Ri ZZ Ri _ y-3=0) « (X)
AW 1 line of action and the opposite direction. - -

- A material is a set of infinite number of particles.

. F' : Sum of external force exerting F1

on particle i

. R": Internal force exering on particlej/ -

from particle i

/

. All forces are bounding vectors.

v

Y F =0

:0—)Zrix|:i+zz I’ixRij=0
i ]

eri xRV =0

Requirement
on equilibrium

ZFi:O or ZF:O

ZriXFiZO or ZMA:

* The above requirement of equilibrium should satisfy
for all subsystem as well as the whole system.

|—> Leading to differential equations, for example,
equations of equilibrium.



Derivation of requirement on equilibrium

S

using a six-particle body

F1+R12+R13+R14+R15+R16:0
F2+R21+R23+R24+R25+R26:0
F3+R31+R32+R34+R35+R36:O
F4+R41+R42+R43+R45+R46:0
+ F5+R51+R52+R53+R54+R56:0
F6+R61+R62+R63+R64+R65:0
D> F' =0 RY =-RY

roxF +r xR? +r xR¥+r xR" +r xR® +r xR*=0
r,xF2+r,xR* +1,xR® +1r,xR* +r,xR® +r,xR* =0
roxFP+r,xR¥ +r,xR¥+r,xR* +r xR*¥ +r ,xR¥* =0
r,<F'+r,xR" +r,xR*? +r,xR*® +r,xR* +r,xR* =0
rexF +r, xR* +r xR¥”+r xR¥ +r xR*+r xR¥* =0
rexFP+r xR +r x R¥”+r xR¥ +r xR* +r xR® =0

Z:I‘ixlzi =0 °.'ri><Rij:-|’j><Rij

* Actual number of particles is infinite.



Subsystem

% The requirement of equilibrium should satisfy for any subsystem.
This statement is the same with the following statement. The
requirement of equilibrium should satisfy for arbitrary infinitesimal area
in 2D or volume in 3D, leading to differential equation. Note that we
should define stress, i.e., force per unit area to define the force
exerting on boundary of the infinitesimal area in 2D or volume in 3D.




r;‘: Requirement on equilibrium in 2D and 3D

2D plane 3D space Tip
. ZF:O ZFX:O x,y, and z can be
dYF=0-> ' ZE:O-) > F,=0 replaced by any
Z F, =0 ’ three independent
Z F,=0 directions
dM,, =0
M, =0->(>M,, =0) >M,=0>>M, =0
dM,,=0
3 equations 6 equations

® Examples




™ Caution in applying requirements on equilibrium

& )
= ?
=0

- A —-B . = . - . .
rand r. are dependent ZF:O,ZMAZO —)ZMszO
on the position of point i, . . . ~ —
- Ma=0 Meg=0 — » F=0

while T is fixed. 2Ma=0, 3 M 2
(If 7 % > F)




M
& )

Statics

® Statics and solid mechanics with three factors of mechanics

Factor Statics Solid mechanics

Force Requirement on equilibrium | Equation of equilibrium or motion

Deform- Rigid-body Displacement-strain relation, Geometric

ation compatibility

: . Elastic body: Hooke’s law

Material Rigid-body . Y .
Plastic body: Plastic flow rule

BC Geometric(essential) BC Geometric(essential) BC, mechanical(natural)
BC

® Entire system

O Ground and support
O Subsystem

©® Separation of subsystems

O Essential separation of subsystems from support or ground
O Division of subsystems if needed
-When number of equations should be greater than that of new knowns
-When internal resultant forces is to be seen

® Newtonian mechanics
based on vector quantities

Analytical mechanics

based on energy

Subsystem 1

/

7 7

\ ground /

Subsystem 1  Subsystem 2
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Free-body diagram and application of RE on it

® Simply supported beam

a

7

<F.B.D. No. 1>

<F.B.D. No. 2 >

<F.B.D. No. 3> ﬁ
7 X %

<F.B.D. No. 4 >

<F.B.D.No.5> <F.B.D.No.6>
P b d ‘IP b - - a :l:P b -
e [ K Ve o
(X4 b (X4 § (Xg)
§ vow O iy T X iy
Y O Requirement on equilibrium
fRA O ?RB > F,=0;R,+R;—P=0
a P b SF —0;0-0 R,=(b/L)P
R S R, = (@/L)P
M,=0;LR,—aP=0
e Ak TR
P M,=0;LR,-aP=0
a b ,
%FA 0e0 ; R, =(b/L)P
No. 2 ' R, = (a/L)P
R, V, > My=0;-LR,+bP=0
. a =if b _ >F,=0;V,+V,~P=0 H, =0
I }  No.3 MF =0;H,=0 —|V, =(b/L)P
RA A YB ZMAZO; LVB—ap:O VB:(a/L)P




r;‘: Statically indeterminate system

® 3 points supporting beam

O Requirement on equilibrium

g YF.=0; 0=0 ®
M’* olies % >F,=0; Ry,+Ry+R.~P =0 @
Z g 7 Y'M,=0; LR, +2LR, —(L/2)P=0 ®
dM;=0; -LR,+LR. +(L/2)P=0 @

<EBD.> dM.=0; -2LR,-LR; +(3/2)LP=0 ®
P O Egs. M ~ ® have only two independent equations.

1 O Infinite number of equations can be made applying

f T 1 moment balance requirement at arbitrary point.
R R R.

O Number of unknowns > number of equations
= Statically indeterminate system

O Reactions in a statically indeterminate system can be determined

not by statics but by solid mechanics.



% Division of total system into subsystems

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS

Type of Contact and Force Origin

Action on Body to be Isolated

1. Flexible cable, belt,

chain, or rope

Weight of cable
negligible

Weight of cable
not negligible

Force exerted by

a flexible cable is
always a tension away
from the body in the
direction of the cable.

2. Smooth surfaces

Contact force is
compressive and 1s
normal to the surface.

3. Rough surfaces

T~

Rough surfaces are
capable of supporting
a tangential compo-
nent F (frictional
force) as well as a
normal component

N of the resultant
contact force R.




% Division of total system into subsystems

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)

Type of Contact and Force Origin Action on Body to be Isolated
4. Roller support
- Roller, rocker, or ball
. : N support transmits a
S e compressive force
o ~ normal to the
supporting surface.
N
Collar or slider free to
—f ; | move along smooth
CTOID 4] [ gvides; can support
force normal to guide
only.
N N

6. Pin connection Pin Pin A freely hinged pin

' free not free connection is capable
toturn to turn of supporting a force
in any direction in the
plane normal to the
axis; usually shown
as two components R,
and R.. A pin not free
to turn may also
support a couple M.
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Division of total system into subsystems

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)

Type of Contact and Force Origin

Action on Body to be Isolated

7. Built-in or fixed support

’ or
~~Weld

A A built-in or fixed

M ! support is capable of

I supporting an axial

force F, a transverse

force V (shear force),

and a couple M

v {(bending moment) to
prevent rotation.

8. Gravitational attraction

The resultant of
gravitational
attraction on all

G elements of a body of
mass m is the weight
W = mg and acts
toward the center of

" the earth through the
center mass G.

W=mg

9. Spring action . )
Linear Nonlinear

Neutral F F
posmon | Hardemng ,

| + |
]‘\‘\'\’\'\’\""‘" | | Soﬂ:emn g
——x ——x

N Spring force is tensile
if spring is stretched
and compressive if

— compressed. For a

it linearly elastic spring
the stiffness £ is the
force required to
deform the spring a
unit distance.




CME Forces in members of a truss structure

» < = 2
Z% i OAtE ZFX:O;_fCE_ngE:O
P
2
95 | fee 1 ZFy=o;—P—%fDE=o

Y AE oo fpe= —2P, fe= P

Ans. f,. = 2P(in tension) A —+/2P, f.o= 2P
= —2P (in compression),-----

fBC
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o 2D static problem

® Tension of cable, T ?

<F.BD.>

O Applying RE on FBD
> F,=0; T-R,sin30'=0
D> F,=0; R, +R;c0s30°—-300 =0
D> M, =0; —8cos30'R, +4 cos30"x 300=0

30

300kg



M 3D static problem

® Cable tension T ?

O Requirement on equilibrium

F=0;A+B ZV =0
2 AFBAT) 162

+2+2.9T =0
A \46.2

2T _
A +B,+ /'_46.2 =0
ZM’C:O; EX(AKT+AY]+AZR)

e X(2])

O Vector expression of line segments CA and CE + rC—Bx (BX T+ BZ E):f)
r,=—31-6k,r,=551i,r,=3i-45%k
CE=(-i+25 j)—(-3i+6k) =2i+25j-6Kk

%‘ =ce = (2i+2.5 j—6K)/~/46.2



3.3 Unit and Dimension



% Unit and dimension

© System of Units

X Three basis units characterize the system of units.

O Conventional unit: Basis units are length, weight, time, current, temperature, etc.

O Science unit: Basis units are length, mass, time, current, temperature, etc.

® Dimension
O [Length] = [L], [Mass] = [M], [Time] = [T], [Weight] = [F]
O Basis units of system of science units: [L], [M], [T]

O Basis units of system of conventional units : [L], [F], [T]



2 British unit and Sl unit

® British unit

® Basis unit: ft, Ib, sec
® British unit belongs to conventional unit, i.e, |b means basically Ib{(pound force).
® Unit for mass : slug = |b - sec?/ft

® Sl unit (The International System of Units)
® Basis unit: m, kg, s

® In S| unit, kg means basically kg,,,(kilogram mass).

® Unit for force: N = kg - m/s?

® Entangled or mixed use of conventional and science units

® Many countries belonging to the Commonwealth of Nations are using British unit.

® The other countries are using Sl unit. However, most people are using the Sl unit like British unit, i.e,

they are using kg (i.e., kg force) instead of N (Newton).

® Sometimes mass is expressed in kg - s2/m, where kg means Kkg;.



r;g Basis unit, complement unit, assembled unit

® Basis unit
® Length : m, ft ® Mass : kg, slug ® Time : s, sec
® Current : A ® Temperature : K ® \oltage : V

® Complement unit

® rad

©® Assembled unit
® \elocity : m/s, ft/sec ® 1N = 1kg - m/s?, Ib, kg
® Pressure : 1Pa = 1N/m?, psi = Ib/in?, psf = Ib/ft?, kg/m?, kg/mm?
® Work:1J=1IN-m,Ib-ft,kg - m ® Power : 1W = 1J/s, Ib - ft/sec, kg - m/s, PS, hp
® Moment: N -m, Ib - ft, kg - m

® Factors for unit
® T(10%2), G(109), M(106), k(10%), c(102), m(103), 4 (10%), n(10), p(10-1?)

©® Relationship between the two systems of unit

® 1ft =0.3048 m, 1 in=25.4 mm, 1lb = 0.4536 kg

All units should be expressed in Roman characters while variables in Italic or
bold Roman characters.



Example 1

\/7 k =1kg/mm, m=1kg

7\_
II

= 100

N 1

a

O Mistake due to gravitational acceleration.

1Ry, x10* muh

1kgf/mm 1kg, 9
1kgm 1kg,, mm -

= =2 (H2)
27 T

kg, pin-s’

E=(mxg+py¥x
E = (56500kgx 8+7kg/cm’><17671 5¢m¥)0.75m
=(553400kg +1 3700kg)0.75

E = 508,050kg.m — 4,9§%250 N-m

Calculation of blow energy per stroke in hammer forging

m = 56,500kg




M From a lecture note floating in internet

& )
Physical quantities Si U.S customary
and dimensions
mass [M] kg slug
length [L] m ft
time [T S sec
force [F] N Ib

F=ma = N =Kg-m/sec’

W (weight) = m(kg) x g(m/sec”), g =9.806.m/sec’

Original

F=ma = N=kg-m/s’

W (weight) = m(kg) x g(m/s?), g =9.806m/s’

Modified
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3.4 Material



Tensile test

1200 I 1 " Necking
B of tension
———— Experiment (SCM435) specimen

Analysis (SCM435)
1000

Experiment (ESW95) N
600 \\

Analysis (ESW95)
400

Experiment (ESW105)
Analysis (ESW105)

(o]

o

o
]

Engineering stress (MPa)

200

0.1

Engineering strain (mm/mm)

0.2

0.3

0.4
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Tensile test

Tensile test

Predictions of tensile test

A Definition of &, and o,
LO
) P
— * & =—, O, =— - e: engineering
- —TInitial } }
Current area A, Engineering strain, Engineering stress
area A Before necking occurs (Engineering = Conventional=Nominal)
o, Hooke's law in uniaxial loading
! U
O : co0,=E¢,0=E¢
Y < F co,=E¢, 0,, =E¢,
0 [~ | |
P i i Initial shape
i Poisson’s ratio 7
E ~— I P
1 ! . P ©—
! i Final shape
1 | ! 7 -
l : < |
i L o & L ‘? Final shape
0 Eu Er
Engineering stress-engineering strain curve L Initial shape
Oy : Yield strength € e
oy : Tensile strength y=— la ___ 7t

& x100(%) Elongation glong g,
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Generalized Hooke's law for an isotropic material

y
Small deformation
Oy Principle of superposition O,
(8 —
—
| A== +
ana s/ /
S ViV 7
VA o, | . l l ’
ISOU‘OpIC o o
E = —y 82 ==
y E E
gX = gZ = —ng gX = gy = _ng
7/xy=7/yz=}/zx:0 7/Xy:7/yZ:7/ZX:O }/xyzyyzzyzxzo
I |
G-t !
§=0 -
2(1+v) P v(o,+0,)] meﬁicient of
) 1+ gm: X EL7X y ) thermal
. , . _ _ expansion
-—L Poisson’s ratio g = e o,-V(o,+0,) |+aAT
—— - I E- - Hooke’s law
Oy 1 Oy 1+ (—Vgxx) gz — l Gz —V(Gx + Gy) + QAT +— '.fOI’ an .
- - Y T EL . isotropic
e =g =g =2 & 1 1 1 material
yy — 2z T XX E XX Voo = <Tw V= <Tyi v Vx = < Tx
Xy G y y G y: G



" Thermal load and shrink fit

Abutment

Expansion permitted



http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=0CAcQjRw&url=http://uregina.ca/~sauchyn/geog323/weather.html&ei=4sj6VO_wNJDj8AW0jYCABA&bvm=bv.87611401,d.dGc&psig=AFQjCNGtHOxDh9RQhyxqWaopsKBuKcls2w&ust=1425807962618761&cad=rja
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=0CAcQjRw&url=http://uregina.ca/~sauchyn/geog323/weather.html&ei=4sj6VO_wNJDj8AW0jYCABA&bvm=bv.87611401,d.dGc&psig=AFQjCNGtHOxDh9RQhyxqWaopsKBuKcls2w&ust=1425807962618761&cad=rja
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3.5 Solid Mechanics

of Slender Members



;‘j Mechanics of slender members

O Truss member or rod — Uniaxial loading ® Stresses in beam

® Axial force
F

® Normal stress: O, =0,, =

O Circular shaft - Torsion

® Twisting moment

Tr

® Shear stress: T,yg=""

O Beam
, O Column

® Lateral force — Bending
moment and shear force ® Compressive axial force
® Normal and shear stress, ® Buckling P b
® |-beam, H-beam 6

Flange

Column \/\
Buckled
Web
N
S

06 N



™
o Internal force

® Definition of axes ® Definition of cross-section

y y

/

<<——AXis of symmetry Positive x-face Negative x-face

Neutral axis

4 X
® Force and moment exerting cross-section Yy
A
M : twisting moment
y XX g . M . M A
M,,, M,, :bending moment
| A St o o [

F, :axial force F F
F. ,F. :shear force V

xz? ' xy

s TR 7 Secontossnit recin tforce
z 3D 2D
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3.6 Uniaxial Loading
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Deformation and stress in uniaxial loading

Spring) Rod, truss member
P <— AWM= — P, X P<—]| |—P., 0
P4 o =P/A|
Stress
Z(‘ Force-deformation E
1 relationship 1 5”6“2
K : spring constant E : modulus of elasticity
Hooke’s law AE P S
= P=-=0, o=E¢, —=E*=
P =l k,, =AE L ATTL
L
1 - L
X==P Displacement o=——PFP
k AE

Strain energy




Displacement, strain and stress in rod

S

' Z 3P 2P P P
S r
2 N s Z 2P £
7 s B FOOA P AP
7 > X
> X L_J
F (A P 5
) a0\ psa 2B/ A 7Ny p 2"
T oy . . X
o, (XA P/A 2511 i ; J
—P7
L, « &N 511, ’ of —2P7A, A
u(x
£, (A Sl > X

Y
>

L x U(X)T/_ & (s, S
| _

! i S, b
7 P 7 P P F F(x+d
% - é g | (x) (x+dx)
2 ﬁ X X+aX
F(0A__P R (A P F, (X)
> X I_l > X T >
o0 P/A, o, (4 P/A, O'X(X)I gdu
— X i ] e
&4 s/, £ 00p Sl oy 3—§
e s B T \

\

Y

u(x) 1 u(x)T st u(x)T —
| i |

Y




Rod

Saint-Venant’s principle

End Effect O Two statically equivalent loads
have nearly the same influence on
the material except the region near
to the load exerting area.

Non-end Effect

End-Effect

(X) (X) (0)

|

(T
==

|

LA

upP

Down

oy

Principle of
symmetry

Down

upP

yo
?P

e




Internal force, stress vector in tensile test

Stress vector

B R P=0c,A,

—_

]
(n)

T=t" :% = o,sinfi

. o,sInd
o,cos0sinf 2o,

A0

\

o,sin“0=c,

N\

t™ = o,sin*én + o, cosPsin Gt

0=0
0=30 [YYY)

|

L]
Oy = =5
™~
)

>
v:
——=
\ o
o
[\

Y Yyvyy

Y
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Internal force and stress components

\

|

N =P sind
n
T =Pcosé
T N A A,
YY" sind Normal stress Gnn=%=£5i”29=003in29
T P : :
Shear stress rm=K=Ecosesm9=%cosesm0

t™ = o,sin*én+o,cosfsinft=c, n+o,, t

0 =45 \ 6=30

- — - — — ]
_U
—
-U
- — o - =
Y



Example

Force-deformation relationship

©) O)
— RCIS RDI6

5_ ’
© AE’ " AE,

@ Geometric compatibility

I2 |3 4
L, : 0. =(l,+1,):0, = I, =(1+:—3)5C ®

2

@ Force equilibrium

®
Z Fy =—P+R; —R. —R,=0 O Reaction and displacement of point E

ZMB: LP—L,R. —(l, +,)R;, =0 @ OIOBNGE R, = ADRC:5 (1_|_:_3)RC ®
AR;lg 2

LeO= RB’ RC’ RD

X x-directional displacement is neglected under

small deformation. |2 . 5C = (lz -|—|3 +|4): 5E



r;‘: Statically indeterminate system — thermal load

< Method I>

. <k.B.D.>
AN B c%
N/ F R 7/ P —p <P
Acbi B o AL B Z
&, a &, a, :
Force-deformation relationship @ Geometric compatibility
Oap= &L =(-P/EA +aAT)L Ocpa=0 ©

5CB = €2L2 =(-P/ EA2 +0£A'|_)L2
5CA: 5BA +5CB

=—P( L + L, )+aAT(L +L,) @

EA EA O From Egs. M and @
P EaAT (L, +L,) _ AAEcAT(L +L,)
< Method II> (i_,_i) L1A2 + L2A1
A A

ocdueto AT = AT (L +L,)
PLL PL, )> 0 (AT)==0c(P)

O, dueto P = —
AE  AE




Deformation of cylindrical pressure vessel

@ Force equilibrium

> F.=0;

< Method I>
—2F; +j0” rpbsindé =0

< Method II>

—2F +p-b-2r=0—- K = pbr

@ Force-deformation relationship /_\

_(pbr)27z(r+%) pr(r+%) l ? 1 ? 1 l
|:T

O = —> Or =
T (bt)E I TE P
1

27 (1 +8;) =271 +275, = S =7



M ) i
o Tension in belt

Brake surface

O Law of Coulomb friction

Brake band r(g;6)

® Magnitude: F = uN
® Direction: Preventing relative motion

ey

l ® /& Coefficient of Coulomb friction,
Ty
O Applying RE on the FBD and governing equation O Solving
Y F.=0; AN-Tsin(A0/2)-T(6+A0)sin(A0/2)=0 ar _ 10
T
F,=0; uAN-T cos(AB/2)+T (6 + AB)cos(AB/2)=
D F)=0; uAN =T cos(A0/2)+T (6+A6)cos(A0/2) T —C
lT(6’+A9) T(0)+d—;A6’ i AZQ_AZQ, cosA—z‘g 1 T=Ce
AG? d—N—T O Boundary condition
AN -TAO-T'——=0 [40-0 | d dT T(0)=T
IUAN +T'AG=0 @2 —; ST :Toe—ﬂé’
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Strain energy in rod

=§_[VE52dV 1jEdX jdAd 1jEA

Force-deformation o=P/A]
relationship P<—I |— P’ 0 Slress /l
Ak A E
P — MMM~ — P, x 23" siain
> du,
“  E:modulus of elasticity g=06/L= dx
) _ P_gpo AE PL L _ AE
Hooke’s law o=Eg, A EL P = 3 o, 0= AE AEP k 2
Strain energy — 1 P L_1 P( PL ) 1Po
Y 2keq5 2AE 2 A AE/L Al = 2ALV
U= % = %Gg <« strainenergy density (function)
U = | udv = 1jagdv 1j—dv
1 P* 1
A | dAdx = j —dx
2
dx




r}g Generalization of uniaxial loading

® Strain in rod under uniaxial loading (DForce equilibrium
=X > F,==F(X)+q(x)Ax+ F (x+Ax)=0
Undeformed: = -+ ~g(x):Load per unit length dF
- m =-q(X)

@ Stress-strain relation

Deformed q(x)A? - _ d_
F(X) F(X + AX) N F(X) + dx AX o=Eg +— Hooke’s law

N

Ji ™ agdt = ) Ax+ 0(axy F(x)=Ac=AEs=AE
dx
. dF
A'B'—AB ,. u(x+Ax)—u(x) du — T—q(x)
£ = =lim =— =g, dx
AB AX0 AX dx
& 0 0 d du
O —VEX O . &(AE &):—Q(X)
0 0 -ve t

X Governing equation
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3.7 Torsion



r;tj Torsion of cylindrical shaft, problem definition

® Cross-section: Circular shaft (CS)
® Role of CS: Power transmission, spring, etc.

® Assumption to apply rule of symmetry

O End-effects are negligible (Saint-Venant Principle) T
O Uniform cross-section
O Geometry and material are axisymmetric M Twisting moment, torque
O Symmetric expansion and contraction are neglected t
O Lengthening and shortening are neglected 7
A
® Rule of symmetry z
0
M, M, ,
(x,¥,2) ﬁ
—p o
X =rcoséd
y=rsiné Z
Mt t
L1=17
Ay STy o)
®© Summary / X sO
O Diametrical straight line remains straight line X ( Local coordinate s
ystem

O Plane section, perpendicular to the central line, remains plane Reference coordinate system



r;‘: Relation of strain and angle of twist

®© Strain components O Shear strain 7, and angle of twist
Z
(gxx YV Vi ) E. V., ¥ ¢(z+Az) ¢ . Angle of twist
do .
Yo €y Vo | 2| Vor Coo Yo i a7 Rate of twist
\yzx 7/2y &, J e 7/29 &, Az Zg
Y ! 7
O Normal strain: &, = &,, =¢&,, =0 ux
1 | —
From assumption , #(2) rAg =y, AZ
Ag
O Shear strain: 7, O Shear strain: 7z Z,\/rA¢ V0 = rE
NN\ . Az d¢
7/82 }/ = 7 = —
N 0z 26 dZ
- 0
_ | _
r—0 plane W\/r 2 plane « ¢ : Angle of twist
7/r6’:7/6?r20 7/Irz:7/zr:0 70=0 -d¢:Rate0f twist

dz
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Stress components

® x-y-z coordinate
system

z—x plane

y—z plane

® Cylindrical coordinate
system

7 0-1zplane
o
r—oplane
z—r plane r Grr Tr@

rz

z

77



M ,
S Hooke’s law

d¢ ¢L du u

,-'\’
H
+
<
) ——
=<
— |8
&
S 3
|
= ml—= ml=
| |
q
S
<
—_
q
+
q
N
| |

N M
[

>

O Torsion test — O Tensile test g Arv) 1,
re E ro G re
) T = ij o=EFE¢g 2(1+V) 1
Vor = E Oy, = 60-62
4—
/ 2(1+v) .
N Sy T YV = O = R O0x
A% E G
: :4;. .
2 :

grr 7/ re } 0 Grr Tre z-rz O O O

Yoo Ego O rdg¢/dz | —" |z, o, T, 0 0 Grdg¢/dz
Y Ve O rd¢/dz O T, T, O 0 Grdg¢/dz O

77



" Requirement on equilibrium

® Homogeneous shaft

M, = [, rdF =jArrdA:CCll—fjAGr2dA «— dF =zdA

M :d_¢(3j erAéd_¢GJ «— GJ : Torsional
Yodz YA dz rigidity ]
dg M, . Myr A A
dz Gy T dA="27r dr

R
J :I r’dA :27[! ° ridr :z (R g_ R .4) <«—— Polar second moment of inertia
A R 2 at the cross-section

® Composite shaft

M, = rdF :jArrdA:C;—fIAGrsz

_dg 2 2qn|_ 04
M =— [Gljplr dA+szA2r dA}—E(GlJﬁGZJZ)

dé _ M, — 7= M, y G, = G 1
dz GJ,+G,J, GJ,+G,d, 7 (G, if




;‘J Example 1 — Statically determinate system

<FB.D.>

T, %»A L, B L, C
T + T, ‘9_ ‘9_
Ty Te

O Moment balance

> M, =0;

T,-T; —TC =0 ->T,=T, +TC
Mt,AB :_TB _Tc
Mt,BC: _Tc

O Maximum angle of twist and stress

-1
Den= a[(TB +T¢ )L1 +T¢ Lz]
(T, +T)(d/2)

max .J

Angle of twist

-10 “7.28°

(d)



r;‘: Example 2 — Statically indeterminate system

<FB.D.>
A B C
A Lo L
\ |V \
T, T T.
O Moment balance O Geometric compatibility: ¢CA =0

> M, =0;

X ’ 1
~T,+T-T, :0_)TC =T-T, ¢CA = ¢BA + ¢CB:G_J[TAL1+(TA_T)L2] =0
Mt,AB :TA _)TA _ LzT
Mt,BC :_TC :TA_T L1+L2

O Angle of twist at Point B and maximum shear stress

LS T (AR,
GJ GJ GJ\L+L, ) GJI(L+L,)

T :Tmaxr, T .. =max(T,,T.)

max
J




% Example 3 — Design of circular shaft

O Given value ~\
P =260 hp, n =3800 rpm, z,= 30,000 psi [ Ship
y
O Determination of diameter of the shaft
P =260 hp =260x6600in-1b/s=1.716x10°% in-Ib/sec
o = 3800 rpm =3800x 2% 1 _ 39g fad
60 sec Sec
P=Tw—T=4.31x10%In-Ib —@
T = T(d72) :161; =1, (:30x103g) —d =3 107 —0®
£d4 T In T,
32
/16T' .
O+@ — d 23;20.90”‘\ °® 1hp:76kgmls
a 1 1

Ib-ft/sec

X X
0.453 0.3048
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Summary of torsional problem of circular shaft

Strain

(grr 7/r¢9 7/rz \
y@r 86’9 7/02

\yzr 7/29 gzz /

#(2)

*Rule of symmetry
sAssumption: & =&, =&, =0
*Geometric compatibility:

Hooke’s law 0
> 0
Crr :%I:O-" _V(O-HH +Gzz ):' 0

“Eoo :%I:O-gg —V(O'ZZ t+o, ):'

€ :%I:O-ZZ _V(O-rr T Oy ):'

Stress
0 0 Force
equilibrium d M
0 Grd—¢ f _¢ —_t
dz dz  GJ
Grd—¢ 0
dz ‘
I
T, = 2'1 _ M
z0 0z .J
For composite shaft
. dg _ M, |
dz GJ+GJ,




3.8 Beam Theory
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Beam and external load

Concentrated
load Linearly
Uniformly distributed
distributed load
load

(o)

Z0

Concentrated
moment
O Concentrated force
-q(x) q(x)
J P Aﬂ,<.v—u>"
e l .
| S‘taEIIy |

O Concentrated moment

q(x)

Po _ My

——

Saint-Venant’s principle

a(x)

My (x-a)?

pesiess
-

X

:)

Statically .

Q(X) = Load intensity function = Load/length

Resultant force

Statically the same concentrated force with
a set of distributed force = Vector sum
passing through centroid of loading diagram

| XR:-qu(x)dx
j Xg(x)dx [ xdA
— JL — JA — Y
qu(x)dx ! jAdA
q(x)dx =dA



% Internal force (shear force and bending moment)

® Definition of axes ® Definition of cross-section

y y

/

<<——AXis of symmetry Positive x-face Negative x-face

Neutral axis

X

® Force and moment exerting cross-section y
A
M : twisting moment
’ MM bgd' t & M/\_'b|
, . bending momen
Xz Xy
\/ — X )
F, :axial force F F
F. ,F. :shear force V

xz? ' xy

z 3D




M .
o Pure bending

® V(x)=0, M,(x)=constant

—Pa pyre bending

T m




MM
& )
o

O

O

Derivation of relationship between x and v(X)

o1 _dg _dg dx y=vx)
"o ds  dx ds
P AS
\ c S ()‘f¢ Slope s/,AAV
t V(X o
4> urvature - i X AX
V(X)=tang — cos’¢= 1 dx
1+V'(x)? O ” ?
V"(X) = ¢'sec?
(X)=¢ 4 As = VAX® + AV
dg¢ v'(X) 2
' = = Av
/ dx  1+V/(x)° = AX 1+(5)
\ AX 1
AS . AV 2
1 d d¢ dx V" (X , +()
dx 1

p ds dx ds - (1+v2(x))? _

ds  1+v'3(X)
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Example — Find SFD and BMD by cut method

. R =4
o L O Reactions .2
b FRRHRRER
*“‘*‘*“ | 3600'_‘—1
2 77 8 T
= . - a,L
V(x) ] N
A w, L
To— ® 0<x<-— @Dy X
A ARy
ena) A : —
0 | - BwOL“TEIvn)/l
3w,L : ° b
e i SR, =0; V() = ool
e ZMe =05 (3 = P+ Jnix
(I\/Ib+) ! N @ ;gst X 4 (LX)
0 L — M"\i_c' T
ZFV = O, V(X) - T a)LL
ZMC' =0; My(x) = a)gL(L_X) |



rg Relationship of q(x)-V(x)-M,(x)

q(>A<)Ax
909, | V (x-+ AX) 2.F, =05 =V +V(x+AX)+q(x)Ax =0
Mb(x)<| . >|V|b(X+Ax) ﬂTOV(HAAX))(_V(X) _ _q(x)
B 5 M g0

_—]

X AX

dx

> M. =0; Mb(x+Ax)—Mb(x)+V(x)Ax—q(x)Ax%:O
m M, (X+AX) -M,(x) _

lim o~ -V(x) — v V(x)
My (X) _ v (x), MU0 +V (x) = 0
dx

M;(x) = a(x)
M~ g0, Vi) +a(x) = 0




r;‘; Example — Find SFD and BMD using DE

O Reactions R=%

<—
<—
<—
—eg—]
—eg—]
LS
<—
<—
—eg—]
<—
N

<—
e ]

<—
>

f//é V% 30, L 4 oL
8

O Load intensity function

yd 3oL ~ L
VAl y 1 q(x) = ] TOZ x>~ <X>° +w, <X 2>

: O Shear force and bending moment diagram

V(X)=- I'<x> + @, < X>' co<x—L>

8 2
L 8 2 2 2

0




" Distribution of internal force

® Bending moment and bending stress

\
§
S

|
|
:Neutral

:surface




Cut Pure bending - deflection curve-strain relation

® Strain Plane of symmetry ,, f
A B C
Pe Q
1Y
LlERS. e leey) =
D.E'F Neutral axis .
RS = PQ
o6 e = P''-PC _(p- y)AA¢ PAp Y - yV(X)
PQ P ¢ P Anticlastic curvature
ogyzz_vg:ﬂ o, 0 0
o
y O 0 O
— - gzz - gz =
° i > o ° =piv) \0 .
y y
} X ] l
n _}~D = 1 ~D
i 2 Z 0 —ve O
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Pure bending - stress-strain relation

® Hooke’s law of an isotropic material

on=L[o, (o, o)
-8W=%:GW—V(GZZ+O'XX):
ir _
'gzz:E_Gzz_V(Gxx—i_ayy)_
7« (1+V) 1
Fy = T E O 36
Y vz 1+v 1
Vu (1+V) 1
2

® Application of Hooke’s law

O Assumption: o, =0, o,=0

O GX:ngz—El, Ey =&

O Stress

&g &g

XX X

™M
N
I
™o
N <

x
x
>

qQ Q Q.
S

1 Il
Q99

N
N
N
N
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Pure bending - Force equilibrium

® Application of requirement of force equilibrium

: j o dA—O If E =constant

jEdA O—LjydA 0

o EI

77

El

= constant z _ M
b

v

L, ij' Ey2dA=M, —¢
A

0; —j ZJXdA:Ej yzdA =0
A PIA

I

Automatically satisfied
for symmetric beam

o,

. Flexural rigidity

Ej y*dA
t

2"d moment of inertia
of the cross-section
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Summary of pure bending beam theory

© q(x)-v(x) - M, (x)

vT)

7
o El L g
2 : -

o= x

oD FB+ @ Az
[ il
Mb(m“ )Mb(x+Aaf)

( ] Vi Viz- Az)

r AT

a) Positive V and M,

dv(x)
=)

dM, (x) _ .

ax W

b) Free-body diagram

d*M,(x) _

q(x)

. , 1
® Curvature-deflection curve : v (X)=;=K

® Curvature-strain : &, =—~

Jo,

® Constitutive law : o, =-Ee, =-EY
yo,

® Axial force : [,0,.dA=0— | ydA=0

. 1 M,
® Bending moment : —[,c.YdA=M, o e V™)

y EIV'(x) =M, (x)
neutral axis O, =- Nllby

¢) Definition of coordinate system

® Boundary conditions
* Geometric : v(0)=0, v'(0)=0
v(L)=0, v'(L)=0

* Mechanical: V(0)=P, M,(0)=M, V(L)=P,---

M., (0) = EIV"(0) = M —v"(0) =%
P

V =M. (x) =V (0) =—(EIV(0)) — v"(0) = Bl



H : :
o Engineering beam theory

® Purpose of engineering beam theory

O When shear force exists,
-bending moment varies from position to position.
-shear stress as well as bending stress exist.

O Purpose of engineering beam theory is to calculate x<

the shear stress

® Assumption of engineering beam theory

O The following relationships obtained by the pure bending beam theory are valid even

though shear force does not vanish.

o :_Mby’ l:V”(X): Mb
X | Ve El

yo4

z

® Results of engineering beam theory

V&
T, =T, =—

yX Xy bl
7z




M

S Engineering beam theory — Shear stress

® Take a cut fraction having -y face in the cut surface aty =yl

. -
Assumption: uniform cross-section

O > F = J‘Al{(O-X)X+AX — (o) JdA-AF, =0 —®

_Mb(x+Ax)—Mb(x)Q:ﬂ

= A
I,,AX AX “ IAiyd
dF dM, ¢ V&
f=_ " __ b _
dx dx | I Shear flow
dFyX
O AF, =7,bAX —» —==7,b
X X dX yX

Assume: A is uniformly distributed over width b

(O-x)x+Ax - (O-x)x =

O A : Cross-sectional area
defined by y =yl

(M, (X +AX) =M, (X)) y
|

ZZ

%
S o]

2z

Il
|
Il



r;‘: Example 1 — Shear and bending stresses

O Given values ‘
o, =1000psi, b=h=6", P =1000Ib

O Calculated maximum shear force and bending moment

LP P

|vlb)max :T’ Vmax :E

O Allowable maximum beam length Lmax

M,y LP/4><(—h/2) 3LP
O-x)max - = 3 = 5
[, y=_hi2 bh® /12 2bh
2 3:.3 _ e
G =T > Ly = 2bh’o, _ 2x6%in xl-O(gOlb _1adip o«
3P 3000Ib-in |
O Ratio of maximum shear stress to bending stress "
3P

VQ P/2xbh/2xh/4 3P Tyymax  4bh D
Tyyymax — = 3 = — “3Lp

bl bxbh”/12 4bh o 2L

X) max

2bh?



r;‘) Example 2 — Ratio of shear to bending stresses

Wy

i ' { X q(x) = w§L<x>_1—a)o<x>°+a)°L<x—L>_l
L .
Z 7 o L 0 , oL 0
q(x) = -, b V(x) =— ; <X>+m, <X>-——2-<X—-L>
| * | Mb(x)zwg <X> =T, <X> +2— <x—L>
), L
L “o=
alf R-al 12 L, oL L1 L1 ol
2 M, (=) = —— @ x— =
2 2 2 2 4 8
V(x)
1 w, L h h
w,L o ybhx o x

/I - 2X Ty = 2 1 2 4_ S, L
+V T > 4bh
12

2
2 n) |2 C()OL _D
|\/|R(x) . _ 8 X( 2) 3w,
XY ) max ibhs 4bh2
i 12
([M, + ! > X
b ) 0 L . Z-XY)maX h



H _ .
o Example 3 — Beam deflection

© Problem

O v(x) ?

. q(x)=“’;L L~y (X

EV (x) =q(x)=“’i<x> L op(X)°

. ENV"(x)= <x> ~0, (' +C,

. ElV'(x)="2= <x> (%) +C,x+C,
¢ ENV(x) == <x> x)* 4G,

. EIv(x)— °<x>4+C1x+C2

O Determination of C,,C,

«v(0)=0 — C,=0

. ,
® Boundary conditions CV(L)=0 > Dl PiicZo Clz_a)oL
12 24 24
v(0)=0
© V(L)Zoj - — L
V()= El 4t 0 - 24
o (M:(0)=EN'(0)=0
M, (L) = EIV"(L) =0 (2|_x *—Lx)

24EI




™M Principle of superposition

& )
© Problem description O M, (x)
’ 3 L
T L 12 . q(x)=§PL(x>_2+2P<x>_1—P<x—E>_1
i{:FL . Mb(x)=—§PL+2P(X>1—P<X—%>1
© Reactions A - O v(x),v(L),0(L) =Vv'(L)
%( = - « EV'()=M, (x)
2p ey 3 2 P, Lo, v (0) —
® Boundary conditions EVi(x) = g X P S X =) w4 V=0
O v(0)=0,v'(0)=0 . Elv(x):—%Psz+§x3—%(x—%)3+z2 (- v(0) =0)
O v'(L)=0,v"(L)=0 0 PL?’( 31 1 j 7P
oV = | —— 4+ —— g
: EI\ 4 3 6x8 16EI
© Deflection and angle due to each force , §
, 5PL
I P « O(L)=-
i — | L __5PL 8El
| %E " 4sEl O Application of principle of superposition
PL2
]
Vv, + -_P_Lz(lij-_”’“
PL Y7 EI\3 48)  16El
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3.9 Buckling



r;‘: Governing equation of buckling of column

® Similarity and difference between beam and column

O Similarity: Bending moment and shear force are exerted and pure bending theory is applied.

O In beam theory, axial force ( P ) is neglected in calculating bending moment.
However, in column theory, axial force should be considered in calculating bending moment.

® Relationshipof M,, V, P, and q(X)
_ dv dv dv
o D F, :O,q(x)Ax+&Ax:O—>&+q(x):O—>&:—q(x)

O Y M =0; M (X+AX) =M, (X) +V (X)AXx  V b
Displacement

; V(X) in the longitudina
_aix )Ax +P(v(x+Ax)-v(x)) =0 Z' ‘;_) drecton s

dM ] % El ’ L X neglected

Yo
dx dx q(x)
_)dzl\/zlbdeV+ d (Pdv):O WV(HAX):V(XHV’AX
dx dx dx  dx v (X\)/(X) Ce P
— M AX)=M, M,A
o d? I\/I (P ):q(x) P ‘H , (X+ AX) (x)+ X

o Bl

v(Xx) V(X + AX) = V(X) + V'AX




& )

MM Governing equation of buckling of column

® Assume: Pure bending theory is applied.

® Governing equations

d’ d , _dv
EIV'(x) =M, (X M)+ —(P—=)=
K:igv"(X) (ﬂ) b( ) dXZ( ID)+C|X( dX) a(x)
1 M, }
K=—=—"" av - 2 2
El x Ta)=0 d dv, d ,_dv
g i, o (El=5)+—(P—=)=q(x)
I ydA =0 LotV EP =0 dX dx®" dx = dx
’ o El -2 P
q(x)=0
y P
o, =—E= v () + BV (X) =0, B°=—
p (X) + £V (X) P =5
l —— v(x) =Ce™
g =3 s'+4°s°=0 > s=0(82), s=+pi
ﬂp . V(x) =C, +C,x+C,sin Bx+C, cos Bx

Pure bending

I

C,,C,,C,,C, are calculated by BCs.



M

" Example — buckling loads and modes
® Problem P O Solving

é§>!<ag p= \/g V'(x) = —C, % sin fx—C, 3% cos Bx

g v(0)=&+d, =0 ®
v. () = C sin =% s Va(X)zCsin?’”TX v(L)=%+%L+C35inﬁL+¢4cosﬂL:0 @

L I
M| EnL
nwp
\ \
N L

1

\

\ A

1 27X

M roo v, (x) =Csin——
) 2 L

A:AY

S

O GE and homegeneous solution

P P
vV (X)) +—V"(x) =0, f>=—
() £ (x)=0, B E

v(x) =C, +C,x+C,sin fx+C, cos Bx
O BCs

v(0)=0, v(L)=0

M,(0)=0 - v'(0)=0

M,(L)=0 - Vv'(L)=0

V”(O) = _ﬁ4ﬂ2 =0 @
V'(L)=-C,sin pL-C B cos pL=0 @

O Because g0, C,=0fromEqg. ®. C,=0
from Eq. (D. In order to obtain non-trivial
solution, sinpL=0.

v(X) = C,sin BX

sinpL=0—>pL=nz—> f=nxz/L(n=12,---,00)
1/iLGﬂ—) P =n27z2E—2|—>vn(x)=Csin—mX
El L L

’P
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Mode of buckling

Non-buckled

Buckling mode 1
(n=1)

Buckling mode 2
(n=2)



S

3.10 Special phenomenon



% Stress concentration(SC) and SC factor K

3.0
2.8
2.6

2.4
2.2
20
1.8
1.6

Stress-concentration factor K

1.4

1.2

1.0

0 0.05 0.10 015 0.20 0.25 0.30



