V. Finite Element Method

5.1 Introduction to Finite Element Method
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5.1 Introduction to FEM




5‘5 Ritz method to differential equation

© Problem definition © Boundary value problem

m 3X¢—x O<xx<l1
$(0)=0, ¢(1)=0

1
$"(x)=—x" = ¢'(x) = _EX4 +Cx+C

O Exact: ¢ (X) = —é(x4 —X)

O Variational principle

Extremize F(4)=2= J Hzfj —2X ¢(x)}

subject to ¢(0)=0, ¢(1)=0
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Ritz method to differential equation

O Extremization of a function and its related algebraic equation

—

r _ 1) _ — . y2 .
y' =x(x-1)(2x-1) =0 —t Extremize y = x“(x

1)°

O Extremization of a functional and its related differentiation equation

d°T

2 =x*, 0<x<1 T(0)=0, T(1)=0

(1R

Extremize F(T):r{(z—l) _2X2T(x)}dx
T(0)=0,T(1)=0

v Trial function: T(x)=Y C,f,(x), T(0)=0, T(1)=0
i=1

(= Prob. A)

(= Prob. B)



r;‘: Ritz method to differential equation

© Approximation _ Trial function ' Extremize F(¢):HKd_¢j2_2x2¢(x)}dx

P 2
O ¢(x) =Cx(1-x)+C,x*(1-x) subject to (0) =0, $(1) =0

O Transformation: Function space = Finite dimensional vector space

Fd)=2

ol ) . Definitelintegral
[{cl (1-2x)+C, (2x—3x2)} —2C,x* (1-Xx) - 2C,x* (1- x)}dx [l xdx =3
J0

ol Indeflnlte integral

1
(1_2)()2 dx.C12+%J. (2X—3X2)2 dXC22 fxdx——
0

N |- l\.)l

J0
1

1
+J‘ (1—2x)(2x—3x2)dx-C1C2—j x*(1-x) dx C, —J‘ x*(1-x) dx C,
0 0

0

1 1 1 1

. 1
F(C,,C.)=F =—C?+—C?+=C C,-——C, —-——C
O F(C.C,) (¢)6115261 20 30 ¢
- oF oF
O Necessary conditionfor F(C,,C,) to be extreme : —=0, —=0
0C, oC,

. . . — : C —_— _’ C e —
O Linear equation: 30|: 5 4 C2 60 2 1 15 2 6

. 1
(O Approximate solution: ¢(x) — (2x +3x2%2-5x3 ) -— E;(I?th:iton ¢ (X) = _E(X4 — X)



Weighted residual approach to ditferential equation

2}dx:o

dx
( ) ( ):0 w(X) is arbitrary. |/ ¢(O) _ ¢(1) _( Setoffunctions

w(x) : Weighting function

M

@ o]
1 d2¢

ml =0, 0<x<1 - dl Prob. 2 | jow(X){dXﬁX

<

9] , b b
_[ uv=uv| —_[ uv
a a a

¢ (o~ [ [#(00 @' (0) ~Xo(x) ]dx=0

$(0)=¢(1)=0
Assume o(0)=w() =0

l¢—————

v ¢(x) : Unknown function

[J14 (0@ ()~ X201 dx=0

¢(0)=0, ¢(1)=0
where w(x) is arbitrary except that

| w(0)=0 and (1) =0




M Galerkin approach
& )

(® Approximation of ¢(x) and w(x)
Basic function
(gl(x) =X(1-X) j
6,(X) = X2(1—X)

« (x) = Cx(1-x)+C,x*(1-x) ; C, and C, are unknown
Trial function=""
e o(X) = Wx(1-x)+W,x*(1-x) ; W, and W, are arbitrary

Approximate weighting function

¢ o] {CL1=25)+C, (2= 3x) H{W, (1- 2X) + W, (2x — 3x) } dx —Wx* (L— X) W, x* (L x) |dx =0

E(Dl

1 5 _1 1 4 :1
W 200200 C, 0202331 - - /IXdX_ Jxog e

0

+W, U; (2x—3x%)(1-2x)dx C1+j;(2x—3x2f)_(2x—3x2)dx C, —j;x“(l— X)dx }:0
= (I)2

WlCI)1 -|-W2(I)2 =0 w(0)=0, ®(1)=0
L W, are W, are arbitrary
© Linear equations AN
e®,=0—> 1 [10 5}[@1} 1 [3} 1 1 x
N = — = C =, C - X" =X
.0,=0- 3009 4][C.] 60l2 © 15" 7 6 .
) _ ~ 1 e“logx x
© Approx. solution © . ¢ (X) = %(ZX +3x° _5X3) Set of approximate g sin X<

weighting functions



% Accuracy of the approximate solution

© Comparison between approximate and exact solutions

O ¢ (X, )=0029165 B (X ) =0.029799 = Error 2.2%
- Lorw=-t go=-_TL ;
O ¢ (0 )— , ¢'(0)= 5’ ¢ (1)= 7 ¢'(1)= 20 = Error 20%
¢(x)— (2x+3x -5x°)

. . . é’ X . __i B
© Requirements on basic function .() . # (X) = 12(x X) l

O Linearly independent \
06i(x) € H(Q) or () € C*H(Q) :
O Characteristics of solution convergence - \xl

O Accuracy Accuracy I Exact

N+l | —— Approximate

(2%@» <60 1/

0 Xmax

O ¢ =lim ZC g (X) — ¢*(X) <Comparison of approximate

n—oo -
and exact solutions>



r;‘: Basic idea of Finite Element Method (FEM)

3 1 2C x  for OSXSE
© Trial function : ¢(X)=C1(1—2‘x—5‘):< 2

2Cx(1-x) for % <x<1

. . ~ I { 1
© Approximate solution : @(X) = - X—=
192 96 2
Superconvergence
&0k 1 ) B
___________ é’ X)=1-2(X— —‘ | TN
1 | / 1( ) 2 _ // \\\
: // \\
| / \
| / \\
! p, \
: / ----- Eaxct \\
! // —— FE solution
0 0.5 iz /

<Basic function = Interpolation function> <Comparison of FE solution

with exact solution>



r;tj FE solutions with different FEA models

© FEM = Ritz or Galerkin method + FE discretization and interpolation (approximation)

T

O FE discretization and interpolation function: N. (x) Technique of making basic functions

Element « $(x) = #,N,(x)+@,N,(x) in Finite Element Method
- . N I R |
© Finite element solutions « #(x) = C,(X)+C,¢&,(x) in Ritz or Galerkin method
#()| 7)) )]
-~~~ Exact 7
_ // \\\
7 A\
V. \
/ FE solutio \
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Ritz method to a beam deflection

O Definition of a beam deflection problem

EIV'(x)=M,(x) ,V'(0)=0, v(L)=0

O BVP based on beam theory:

d?y

—— =1-x% 0<x<1
(z) \ dx®

AT
E LL 7
) El=Lw=2L=1

O Variational principle: ,
1
Extremize F(v)=j K%) —2(x2—1)v(x)}dx
0 X
subject to v(1)=0

© Ritz method
O It should satisfy essential boundary condition, V(1)=0

O [Ex. 2.1] v(X) = C,(1-x)
O[Ex.22]  v(x)=C,(1-x?)+C,(1-x)
O[Ex.2:3]  v(x) = C,x*(1-x)+C,(1-x?)

Vv'(0)=0, v(1) =0

V (X)
A 2
VB
X
0 1 >
M, (X)
A
1 M, (X) =1-x*
X
0 1 >
O Solution:
4 2
. X" X 5
V(X)=——+—-—
12 2 12



r;‘) Ritz method to a beam deflection

o [Ex. 2.3]: V(X) =C,x*(L—x)+C, (01— x?)

E@) = [[[{C, X3+ C,(-20F ~2(¢ ~DC,0¢ —x) + C, (L )} |

5 4 1 1 16
:—C12 +§C22 +§C1C2 +EC1+EC2 = |:(Cl’CZ)

12
0.0 0.2 0.4 0.6 0.8 1.0
4 1ifc,] | L
15 3 _| 10 .
i 8 16
3 3 |L%a 15
0.2
0.3 - //'f
y 4 3 153 113 ! Exact
— (X):__X — X— —--—— C(asecl
217 270 270 0.4- T Cheer
x* x* 5 y




5.2 FEM of Partial Differential

Equations
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& o) Poisson’s equation

a Poisson’s equation
d%p

—— T =x? 0<x<1

3 o0 5 o0 B 1D dx?
a—X(kaxj+ax(k5j+f()(’y)_()‘/'c/ﬁ(O)0,415(1)0

T=T onS; 2D  =3D

Extremize F(¢):%r[£j—fj _2X2¢(x)}dx

jectto ¢(0)=0, ¢(1)=0

Extremize F(¢)%ﬂ{k(%) +k(%’fj — 21 (X, y)o(X, y)}dxdy

subject to T=T onS,

FX V) = N, (X N+ EN, () +-=D g N, N =7, ¢y =7

Nodal value



Mesh
« Interpolation function N, (X,Y)
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« Mesh system
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laterals

1

Intelligent remeshing of quadr
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ntelligent remeshing of tetrahedrals

Accurate description
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that of remeshings does so much,
which deteriorates solution accuracy.

)

o
TN,




2D mesh systems with higher quality
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3D mesh systems with higher quality

M
& )

TIME: 3.191073E-01
CLEAR STATE VARIABLES

AN

ZAN

~;

i

~7

NS

=
AV

<>

~
<

ZAVAN

RN
A4

NN
N\ TN
AN

)
[
= = o
[

\

Y
<K
S

N

i
g
-

Fad

AN v

AVAVAHWAW.

v»ﬂﬂv
Y

b

DT

KSTP Fall 2016.



M
& )

4.5 Finite element formulation

Equation
of equilibrium

Cij» &

95 = 93

Ql
|
a
Y
M|
_|

Equation T
of heat conduction




M Tensor quantities and their indicial notation

& )]

Coordinate axis

X,y,Z —axis = xq, X5, X3 — axis

Mechanical quantities

(urp uy ) = (ug,uy)
Oy (0T Tyy) = 045

Unit vector

i,i,k = €1,€2, €3

Kronecker delta 8,-]-

5 {0 ifi;tj}
U1 ifi=j

First and second order Permutation symbol &

u; = u(or i) 0 if i=jorj=kork=i
011 012 013 Oxx Oxy Oxz gy 1 if @j,k)=(123)or(2,31) =(3,12)
oij = |oyj] = {021 022 Oasf =0 —1if (i), k) = (1,3,2) or (21,3) = (3,2,1)

yx
031 032 033 Ozx Uzy Ozz

Partial differentiation
Examples

av; aaij

20 9%¢
Gi=o i = o Vi T o 1 0ijj =
’ 0x; ’ axiaxj ’ 0x; ’ ax]- W =aeb=W = aibi

C=aXb:>Ci = eijkajbk

Summation grad¢ = ¢;

3 divv = Vi

20-11,]+ﬁ=0=>0-11,1+ﬂ=0
—

o . 7 =

Free index: once in a term (cannot be change) ’

Dummy index: twice in a term

curl v. = &;jivy j

Outwardly directed
unit normal vector

Divergence theorem

f ij,m..m,idvzj ij,m..mnids
|4 S

n;: Outwardly directed unit normal vector




) ¥ | Finite element analysis of 3D elastic problems

of isotropic materials

« Equation of equilibrium

* Oijj +fi=0inV

- displacement-strain relation
1

© gy =5 gy )

» stress-strain relation
0;; = 2u&jj + Aegye b — (34 + 2p)aAT &y

+ Boundary condition
S = U o Sy,
. c( )

= 0N, =1{; on Sy,

« Finite element equations
Galerkin

« Weak J‘ O_IC()IdV _I f
form v o1 S,
Weighted residual Ui = U, @ =0 on Sui,
method 1
Wy = E(a)i,j +a)j,i)

0dS—| fimdv =0

O Wy = 0@y +0,0, +0,0, +20a) +20'a) +20. 0w

ZX T ZIX

XX 7TXX

=0,/

Elastic matrix

.
. . O|=|0ys Oy, Opys Oy Oy Opy i u 1 0 0 O
approximation I=low o v O O o v r
) &, U, , y 1 » 0 0 O
[O'i]:[Dij}[g' Shape function o ) I i A
matrix @y @22 U 2e, || U, Uy, 1+v)1-2v)|0 0 0 B8 0 O
[5]= Op || @3 26, | |Ups+Us, 0000 8O0
3N / 20, W 5+ 0, |26, | | Usy+Ups |10 00 0 0 g
0, => N,U . = N,W 20, | | @5t y=vil-v), B=@1-2v)I2(-v)
20 W, + o,
1=1 LW | | %51 13 |
1-BIL] ORI I A
_ ' 12 2,2 N, 2
[Gi]_[Dij:H:BjJ][U EM 3,0 0 0 N 00 N, 0 0 N,
Nodal B = N ilil W, =B,W, ! N, N, 0 N, Ny, 0 Ny Ny 0
Stiffness displ t we s o 0 Nyg N, 0 Ny Ny 0 Nys Ny
_ isplacemen N, 5+ Ny, N, 0 N, N, 0 N, N, 0N,
— matrix [ Nis , 3 ‘ s ,
O-ija)ij _O-iIBi Nay o+ Ny 5 . . .
\ - - Strain-displacement matrix
=(D.B.,U,)(B,W
( ij2ja J)( il |) \ Force vector
W B.D.B..U [KIJ ][UJ ] :[F| U B,D,;B,,dV U, j TN, ds—| f Ni,dv}:o
=) == 33
=W'B'DBU [ 7
Ky :J.v B, D;B;,dV F _J.stit" N“dS+J.v fi N, av



Cg Rigid—plastic finite element method

« Weak form —
Penalty method Penalty constant

[, oiodV + | Kéo,dV - jsti twdS - jsc o,0,dS =0

« Weak form — Lagrange Lagrange Mixed formulation: knowns of velocity
multiplier method multiplier / and pressure

|, ooV = [ poydv - fiodv - [ vqdv - jsti fw,dS — jsc o.0,dS =0

ciw; =0, U B,D;B,dv U, | N, H,dVR, j tNds- f, N,,dv}
:(DiijJUJ)(BiIWI) Q. [—j'v N”’iHMdVUJ}:O
=W,B, Di;BjJUJ
~-W'B"D'BU « Finite element equations

> Non-linear {Ki} C,Q}{UJ}:{ : } , =, BiD;jB,dv
G

CMJ O P CIM - Iv Nil,iHMdV

, 2 ve || Mo M
8kl Eq i
« Over-constrained problem
Numerical problem occurs in the elastic region. ~Reduced integration

Minimum allowable effective strain rate is needed. -MINI-element



t;ij Finite element equations of heat conduction

« Weak form [ (pCaTCz)—I—kTia)i —Qo)dv -| {g,-h, (T-T)}wdS+] h(T-T,) wdS
\% at ! ! S, Sq
- Equation of heat conduction
@cra = i v +f {oe(T'-T)+h,(T-T)}0ds =0 Q=C,0,4
Tilraozugdaryscondition %

-kTyn; = —hg(T—T,) on S,
-kTin; = —oe(T* =T — ho(T = T,) on S,

« Finite element equations W [ (poN, T, N, +kN, N, T, —QN, )V = [{q, =h, (N,T, =T, )} N,ds
\Y

SC

T=N,T +[hy (N,T, —TW)N,dS+Hag((ZNJTJ)4—Te4)+he(NJTJ —Te)}NIdS]zo
Sq Se
w=N W,
T _ T C,T, + (K} +K, +KZ +K} +K\) T, =Qr +Q?+Q’ + Q!
8t | |
g TO_TH O TH_T] i+0 0,i+6 1,i+6 2,i+60 3,i+0 4,i+0 i+0
T == (C, leAt) +K,; " + Ky + KW+ KT +K) T,
o i 1Li+0 2,i+0 3i+6 4,i+0 i+ i
£ =t + oAt =Q"+QMT +QM + QM +CT, [(6AL)

T|i+1 — Tli + T|i+9 At
Cy = |, PN, N, dV

Q'=[ QN,av
Kﬁ]:jkNliNJidV K%ZI heNINJdS | J-V |
v ) : S 4 4
: Q' =, (osT./ +hT,) N, dS
1 2 _ )
KL = jsc h, N,N, dS K2 _Lq h, N,N;, dS Q7= (4, +hT.)N,

Ky = J.SGO'E(ZNlNJ)g NN, gs Q’ =L hT, N, dS
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Coupled analysis

Equation
of equilibrium

E.

i &j

quaijéij 5=6(§,§,T)

Equation
of heat conduction
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